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Left-Right Symmetric Model from Geometric
Formulation of Gauge Theory in $M_{4}\cross Z_{2}\cross Z_{2}$
*
$M_{4}\cross z2^{\cross}Z2$ $SU(2)_{L}\cross SU(2)_{R^{\cross}}U(1)_{B}-L$
Left-Right Symmetric Model (LRSM) $M_{4}$ 4
Minkowski
Yukawa Higgs
LRSM
1
Connes [1] [2] $M_{4}\cross Z_{N}$
(NCG) Higgs
Higgs $Z_{N}$
NCG
$M_{4}\cross Z_{N}$
[3] Higgs $N$ Minkowski
mapping function
[4] .
$M_{4}\cross Z_{2^{\mathrm{X}z_{2}}}$ pure Yang-Mills $SU(2)_{L}\mathrm{x}SU(2)_{R^{\chi}}$
$U(1)_{B-L}$ left-right symmetric model $(\mathrm{L}\mathrm{R}\mathrm{S}\mathrm{M})[5]$
LRSM NCG [6] ‘
[7]
—\iota --
$[8]_{\text{ }}$ —n
LRSM —$=-$
[9] LRSM
1
LRSM [10]
$c=c_{F}+c_{Y}+c_{B}$ , (1)
*
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$\mathcal{L}_{F}$ $=$ $i \overline{\iota}_{L\gamma^{\mu}}(\partial_{\mu}+\cdot\frac{1}{2}g_{1}B_{\mu}-ig2WL)\mu Ll$
$+i \overline{\iota}_{R\gamma^{\mu}}(\partial_{\mu}+i\frac{1}{2}g_{1}B\mu-i_{\mathit{9}2}W^{R})\mu lR$ (2)
$\mathcal{L}_{Y}$ $=$ $-\overline{l}_{L}(f\phi+\tilde{f}\tilde{\emptyset})\iota R+\mathrm{h}.\mathrm{c}$ .
$-i\iota_{L}^{\tau_{C\mathcal{T}_{2}h}}\Delta_{L}lL+\mathrm{h}_{\mathrm{C}}.$.
$-il_{R2}^{\tau_{C\mathcal{T}h}}\Delta RlR+\mathrm{h}.\mathrm{C}.$ , (3)
$\mathcal{L}_{B}$ $=$ tr $|D_{\mu}\triangle_{L}|^{2}+\mathrm{t}\mathrm{r}|D_{\mu}\Delta_{R}|^{2}+\mathrm{t}\mathrm{r}|D_{\mu}\phi|^{2}$
$+\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}-$-MMiillllss tteerrmmss of $B_{\mu},$ $W_{\mu}^{LR},$$W_{\mu}$
-V(Higgs potential of $\phi,$ $\Delta_{L},$ $\Delta_{R}$ ), (4)
$l_{L}$ $=$
$\tilde{\phi}$
$\equiv$ $\tau_{2}\phi^{*}\mathcal{T}2$ (6)
$l_{L}$ $SU(2)_{L}-2$ $U(1)$ 1 left-handed $l_{R}$ $SU(2)_{R}-2$
$U(1)$ 1 right-handed 3 Higgs $\emptyset,$ $\triangle_{L},$ $\Delta_{R}$
$SU(2)L,$ $SU(2)R,$ $U(1)_{B}-L$ ;
$\phi(1/2,1/2^{*}, 0)$ , $\Delta_{L}(1,0,2)$ , $\Delta_{R}(0,1,2)$ . (7)
$2\cross 2$
$\phi$ $=$ ( $\phi^{\frac{01}{2}}\phi$ $\phi_{1}^{+}\phi_{2}^{0}$ ), (8)
$\triangle_{L}$ $=$ ( $\delta_{L}^{+}/_{0}\sqrt{2}\delta_{L}$ $-\delta_{L}^{+}\delta_{L}^{+}/\sqrt{2}+$ ), $\Delta_{R}=(\delta_{R}^{+}/_{0}\sqrt{2}\delta_{R}$ $-\delta_{R}^{+}/\delta_{R^{+}}^{+}\sqrt{2})$ (9)
$W_{\mu}^{LR},$$W_{\mu},$ $B_{\mu}$ $SU(2)_{L},$ $sU(2)R,$ $U(1)_{B}-L$ $arrow$
(1) left-right
$l_{L}rightarrow l_{R}$ , $\Delta_{L}rightarrow\Delta_{R}$ , $\phirightarrow\phi^{\uparrow}$ . (10)
(10) – Higgs
Ref. 10 left-right
(VEV) Higgs
VEV
$\langle\phi\rangle_{0}=($
$\kappa_{1/\sqrt{2}}$
$\kappa_{2}/\sqrt{2}0$ ), $\langle\Delta_{L,R}\rangle_{0}=$ (11)
$|v_{L}|\ll|\kappa_{1}|,$ $|\hslash_{2}|<<|v_{R}|$ (12)
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$g_{2}=(1, -1)$ $g_{3}=(-1, -1)$
$g_{0}=(1,1)$ $g_{1}=(-1,1)$
1: $Z_{2}\cross Z_{2}$ 4
$m_{l^{+}} \simeq\frac{1}{\sqrt{2}}|f\kappa_{2}+\tilde{f}_{\hslash_{1}1}$ , (13)
$–=$
$m_{\nu_{R}}$
$\simeq$ $\sqrt{2}|hv_{R}|$ , (14)
$m_{\nu_{L}}$
$\simeq$ $\sqrt{2}|hv_{L}-\frac{f\kappa_{1}+\tilde{f}\hslash_{2}}{4hv_{R}}|$ (15)
$m_{W_{L}}^{2}$ $\simeq$ $\frac{1}{4}g_{2}^{2}(|\kappa_{1}|^{2}+|\kappa 2|2)\sim m_{Z}^{2}$ , (16)
$m_{W_{R}}^{2}$ $\simeq$ $\frac{1}{2}g_{2}^{2}|v_{R}|^{2}\sim m_{X}^{2}$ (17)
(12) $m_{\nu_{R}},$ $mw_{R},$ $mx$
2 $M_{4^{\cross Z}2^{\mathrm{X}Z}2}$ LRSM
2.1 $Z_{2^{\mathrm{X}z}2}$
1 $Z_{2}$ $p_{1}=(1, -1)$ .2 $Z_{2}$ $p_{2}=(1, -1)$
$Z_{2}\mathrm{x}Z_{2}$ 4
$g_{p}=(p_{1},p_{2})$ , $p=0,1,2,3$ ; $(2\cdot 18\mathrm{a})$
( 1 )
$g_{0}=(1,1),$ $g_{1}=(-1,1),$ $g_{2}=(1, -1),$ $g_{3}=(-1, -1)$ $(2\cdot 18\mathrm{b})$
$\mathit{9}0g_{p}=gp$ ’ $g_{p}g_{p}=g_{0}$ , $(p=0,1,2,3)$
(19)
$g_{1}g_{2}=g3$ , (1, 2, 3)
$g_{p}g_{q}=g_{h}$ $p+q=h$ $(x, g_{p}),$ $x\in M_{4}$
$SU(2)\cross U(1)$ 4
(X, $g_{p}$ ) $\equiv p$ $\psi(x,g_{\mathrm{p}})\equiv\psi_{p}$
.
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2.2
:
(i) $P$ $SU(2)\cross U(1)$
(ii) \S 2.5 G-
(iii) $Z_{2}\cross Z_{2}$
(i) $\psi_{P}$
$D_{\mu}\psi_{p}=(\partial_{\mu}-iA)p\mu\psi_{\mathrm{P}}$ (20)
$M_{4}$ $SU(2)$ $U(1)$
$A=B+p\mu p\mu Wp\mu$ (21)
$B_{p\mu}$ $U(1)$ $W_{p\mu}$ $SU(2)$ $Z_{2}\cross Z_{2}$
$\psi_{q}$ $q$ $P$ mapping function
$\psi_{q}arrow\Phi_{pq}\psi_{q}$ $(2\cdot 22\mathrm{a})$
$\Phi_{pq}=\Phi_{qp}\dagger$ , $(2\cdot 22\mathrm{b})$
$\psi_{q}$ $P$ Higgs 4
:
(iv) Mapping function $\Phi_{pq}$ $Z_{2}$ 1
; $0rightarrow 1,2rightarrow 3,0rightarrow 2,1rightarrow 3$ $0rightarrow 3$
$1rightarrow 2$ mapping $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}_{\text{ }}}$ Higgs
$\psi_{P}$ $U_{p}$. mapping function $\Phi_{pq}$
$\Phi_{pq}arrow\Phi_{pq}’=Up\Phi Upqq-1$ , (23)
$\Phi_{pq}$ $Z_{2}\mathrm{x}Z_{2}$
2.3
$M_{4^{\cross Z}2^{\mathrm{X}z}2}$
$\mathcal{L}_{F}^{0}=i\sum\overline{\psi}_{p}\gamma^{\mu}\partial\psi_{p}\mu-\sum\kappa+q\overline{\psi}_{\mathrm{P}}p\gamma\psi_{q}pp,q/p+q$ , (24)
$\kappa_{p+q}$
$\sum’$ $p+q=h=1,2$
$p,q$ 1
Dirac $\gamma^{h}(h=1,2)$ $Z_{2}\cross Z_{2}$
$\{\gamma^{\mu},\gamma^{h}\}$ 6 Clifford Dirac
$\gamma^{h}=i\gamma_{5}\sigma^{h}$ , ($h=p+q=1,2$ and $\gamma_{5}^{\uparrow}=\gamma_{5}$ ) (25)
$\sigma^{h}$ Pauli
$p=q$ Fermi
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(24) $M_{4}\cross Z_{2}\cross Z_{2}$ $SU(2)\cross U(1)$
$\mathcal{L}_{F}^{0}$ (21) $\Phi_{pq}=\Phi_{qp}^{\uparrow}$
$\mathcal{L}p=i\sum_{p}\overline{\psi}_{p}\gamma^{\mu}D_{\mu}\psi_{p}-\sum\kappa p)q/h\overline{\psi}p\gamma\Phi_{pq}\psi_{q}h(h=p+q=1,2)$ (26)
mapping function
$\Phi_{01},$ $\Phi_{23}$ $h=1$ (27)
$\Phi_{20},$ $\Phi_{31}$ $h=2$ (28)
(26) $A_{p\mu}$ $\Phi_{pq}$
$\mathcal{L}_{I}=\mathcal{L}_{1}+\mathcal{L}_{2}$ ,
$\mathcal{L}_{1}=\sum_{p}\overline{\psi}_{p}\gamma\cdot A\psi_{p}$ ,
(29)
$\mathcal{L}_{2}=-i\sum_{p},q\kappa h\overline{\psi}_{p}\gamma_{5}\sigma^{h}\Phi\psi pqq’(h=p+q=1,2)$
2.4
$\not\subset$ $\mathcal{L}_{I}$ 2 :
(I) $(4+2)$- $\Gamma_{5}$
$\Gamma_{5}=\gamma_{5}\sigma_{3}$ . (30)
$\psi_{p}$ $\Gamma_{5}=1$ $\Gamma_{5}=-1$
(II) $g_{p}=(p_{1},p_{2})$ $\nu$
$\nu=p_{1}p_{2}=\pm 1$ (31)
$\mathcal{L}_{1}$ $\nu$ $\sigma_{3}$ $\mathcal{L}_{2}$ $\nuarrow-\mathcal{U}$
$\sigma_{3}arrow-\sigma_{3}$ $\nu\sigma_{3}$ $\mathcal{L}_{1}$ $\mathcal{L}_{2}$
$\psi_{P}$ $\nu\sigma_{3}=1$ $\nu\sigma_{3}=-1$
(I) (II) 4
$\Gamma_{5}=-1$ $\nu\sigma_{3}=1$ , , (32)
$\Gamma_{5}=\gamma_{5}\sigma_{3}=-1$ $\psi_{\mathrm{p}}$
$\psi_{p}=$ $..\cdot.\sigma_{3}=\sigma_{3}=+1-1$
,
(33)
$\psi_{L}(\psi_{R})$ $\psi$ left(right)-handed $\gamma_{5}\psi_{L}=$
$-’\psi_{L}(\gamma_{5}\psi_{R}=\psi_{R})$ $\nu\sigma_{3}=1$
$\sigma_{3}=\mathcal{U}=+1$ : $\psi_{0}=$ ; $\psi_{3}=$ , (34)
$\sigma_{3}=\nu=.-1$ :. $\psi_{1}=$ , $\psi_{2}=$ (35)
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$\psi_{p}$
$\mathcal{L}_{1}$ $=$ $\overline{\psi}0L\gamma\cdot A_{0}\psi 0L+\overline{\psi}1R\gamma\cdot A_{1}\psi 1R$
$+\overline{\psi}2R\gamma\cdot A_{2}\psi 2R+\overline{\psi}3L\gamma\cdot A_{3}\psi 3L$ , (36)
$\mathcal{L}_{2}$ $=$ $-i\kappa_{1}(\overline{\psi}0\gamma 5\sigma^{1}\Phi_{01}\psi 1+\overline{\psi}2\gamma 5\sigma\Phi_{2}\mathrm{s}\psi 13)$
$-i\kappa_{2}(\overline{\psi}_{2\gamma_{5}\sigma^{2}}\Phi_{20}\psi 0+\overline{\psi}_{3\gamma_{5}\sigma^{2}}\Phi 31\psi_{1})+\mathrm{h}.\mathrm{c}$ .
$=$ $-i\kappa_{1}(\overline{\psi}_{0L\gamma_{5}}\Phi 01\psi_{1}R+\overline{\psi}_{2}R\gamma_{523}\Phi\psi_{3}L)$
$+\kappa_{2}(\overline{\psi}_{2R\gamma_{5}\Phi_{2}}0\psi \mathrm{o}L-\overline{\psi}3L\gamma_{5}\Phi 31\psi_{1R})+\mathrm{h}.\mathrm{c}$. (37)
2.5 G-
Fermi $\psi_{p}$ $\psi_{p}$ G-
$\psi_{p}arrow U_{G}\psi_{p}U_{c^{1}}^{-}=\lambda_{p}(-i\sigma_{2})(-i_{\mathcal{T}_{2}})^{\mathrm{a}}\psi_{p}c\equiv\lambda_{p}\psi_{p}^{G}$ (38)
$\psi_{p}^{c}$ $\psi_{p}$ $\lambda_{p}$ $\psi_{p}$
$G$-
$\lambda_{p}=1$
$\psi_{p}^{\mathrm{G}\mathrm{G}}=\psi p$ (39)
$\psi_{p}$ \mbox{\boldmath $\sigma$}3-
$=(-\psi_{p-}^{g}\psi_{p}^{g}+)$ (40)
$\psi_{p\pm}^{g}$ ( $-i\sigma_{2}$ ) \psi G-
$\psi_{p\pm}^{gg}=-\psi_{p\pm}$ (41)
$\overline{\psi}_{p}(1, \gamma 5)\psi_{q}$ $=$ $\overline{\psi_{p}^{G}}(1, \gamma 5)\psi^{c}q$
’ (42)
$\overline{\psi}_{p}(\gamma_{\mu},\vec{\mathcal{T}}, \sigma_{h})\psi q$ $=$ $-\overline{\psi^{G}q}(\gamma\mu’\vec{\mathcal{T}}, \sigma_{h})\psi_{p}^{c}$ (43)
$\Omegaarrow U_{G}\Omega U_{G}^{-}1=\lambda_{\Omega}(-i_{\mathcal{T}_{2})}\Omega^{*}(-i\tau_{2})-1=\lambda_{\Omega}\tilde{\Omega}\equiv\lambda_{\Omega}\Omega^{G}$ (44)
$\Omega$ $A_{p\mu}$ $\Phi_{pq}$ (41) $-$
(43)
$G$- $\lambda_{\Omega}=-1$
2.6 Higgs –
2 Fermi $\psi_{p}(x)$ 2 $C_{1},$ $C_{2}$
$(x, g_{p})$ $(x+\delta x,g_{q})$ 2
$\psi(c_{1})$ $=$ $\Phi_{qp}(x+\delta x)[1+iA_{p\mu}(x)\delta_{X}\mu]\psi_{p}(X)$ , (45)
$\psi(o_{2})$ $=$ [ $1+iA_{q\mu}(X)\delta_{X^{\mu}]\Phi_{qp}()}X\psi_{p}(X)$ (46)
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2: Fermi $\psi_{P}(x)$ (X, $g_{p}$) $(x+\delta x, g_{q})$ 2 $C_{1}$ $C_{2}$
2 $D_{\mu}\Phi_{qp}$
$\psi(C_{1})-\psi(C_{2})=D_{\mu q}\Phi p(x)\delta x\psi_{p}\mu(x)$ (47)
$D\Phi=\mu qp\mu\partial\Phi-qpi[A_{q\mu}\Phi-qp\Phi_{q}Pp\mu A]$ (48)
$\Phi_{qp}$ 2
2.7 –
$G$- $parrow p+h(h=1,2)$
$i \sum_{p}\overline{\psi}_{\mathrm{P}}\gamma D\mu\psi_{p}\mu$ $\sum_{p,q}|D_{\mu}\Phi_{qp}|2$
$\mathcal{L}_{2}$
$\mathcal{L}_{2}$
$\sum’\kappa_{h}\overline{\psi}_{p}\gamma\Phi h\psi_{p}qp$ $=$ $\kappa_{1}(\overline{\psi}_{0\gamma^{1}\mathrm{o}}\Phi 1\psi_{1}+\overline{\psi}2\gamma^{1}\Phi_{2}3\psi 3)$
$p,q$
$+\kappa_{2}(\overline{\psi}2\gamma^{22}\Phi_{20}\psi 0+\overline{\psi}3\gamma\Phi 31\psi 1)+\mathrm{h}.\mathrm{C}$ . (49)
(49) $\Phi_{pq}=\Phi_{qp}\dagger$ $\kappa$ $\gamma$
$0rightarrow 1,2rightarrow 3$ $parrow p+1$
(49) $0rightarrow 2,1rightarrow 3$ ;
$parrow p+2$ G-
$parrow p+h(h=1,2)$
$\psi_{p}arrow\psi_{p+h}^{G}$ , $A_{p}arrow-A_{p+h}^{G}$ , $\Phi_{pq}arrow-\Phi_{p+}^{G}h,q+h$ (50)
(33–35) (39) $\psi_{p}arrow\psi_{p+h}^{G}$
$\psi_{pL}arrow-\psi_{p+}^{g}h,R’(p=0,3)$ $\psi_{pR}arrow\psi_{p+h,L}^{g}$ . $(p=1,2)$ (51)
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$-\tilde{\emptyset}$
$l_{L}^{g}$ $-l_{R}^{g}$
$g_{2}$ $g_{3}$
$\Delta_{L}$ $\Delta_{R}$
$g_{0}$ $g_{1}$
$l_{L}$ $\phi$ $l_{R}$
3: $Z_{2}\cross Z_{2}$
$M_{4}\cross Z_{2}\mathrm{x}Z_{2}$ LRSM
(50) (51)
$\psi_{p}=\psi_{p+}G2$
’
$A_{p}=-A_{p}^{G}+2$
’
$\Phi_{pq}=-\Phi^{c}p+2,q+2$ (52)
$\psi_{p}=\psi_{p+}G1$ LRSM
$\psi_{0L,\psi_{1}\Phi_{\mathit{0}},\Phi\Phi_{31}}R,$$A_{0},$ $A_{1 120$ , \S 1
$\psi_{oL}$ $=$ $l_{L}=$ , $\psi_{1R}=l_{R}=$ ,
$A_{0}$ $=$ $B_{0}+W_{L}$ , $A_{1}=B_{1}+W_{R}$ ,
$\Phi_{01}$ $=$ $\phi$ ,
$\Phi_{20}$ $=$ $\Delta_{L}$ , $\Phi_{31}=\triangle_{R}$ (53)
( 3 ) (52)
$\psi_{2R}$ $=$ $\psi_{0LL}^{g}=l^{g}=-i\tau 2C-1l_{L}\tau$ ,
$\psi_{3L}$ $=$ $-\psi_{1RR}^{g}=-\iota g=i\mathcal{T}_{2}c-1\overline{\iota}_{R}T$ ,
$A_{2}$ $=$ $-A_{0}^{G}=-\tilde{A}=-(\overline{B}_{0}+\tilde{W}_{L})=-B_{0}+W_{L}$ ,
$A_{3}$ $=$ $-A_{11}^{G}=-\tilde{A}_{1}=-B+WR$ ,
$\Phi_{23}$ $=$ $-\Phi_{01}^{G}=-\phi^{c_{=}}-\tilde{\emptyset}$ (54)
$M_{4}\cross\{go\}$ $M_{4}\cross\{g_{1}\}$ 2
$U(1)$ $B_{0},$ $B_{1}$ $B_{0}$ $B_{1}$ –
$B_{0}=B_{1}=B$ Higgs
LRSM
Fermi $\psi_{p}arrow\frac{1}{\sqrt{2}}\psi_{p}$
$\mathcal{L}_{2}$
$\gamma \mathrm{s}$
$\psi_{p}$
$e^{i\pi\gamma_{5}/4}\psi_{p}arrow\psi_{p}$ , (55)
$i\gamma_{5}=e^{i\pi\gamma 5/2}$ (36) (37)
$\mathcal{L}_{1},$ $\mathcal{L}_{2}$
$\mathcal{L}_{1}$ $=$
$\frac{1}{2}\overline{l}_{L}\gamma\cdot A0l_{L}+\frac{1}{2}\overline{l}_{R\gamma\cdot\frac{1}{2}}A_{1}lR+\overline{\iota_{L}g}A_{2}\gamma\cdot\iota_{LR}g+\frac{1}{2}\overline{\iota g}\gamma\cdot A_{3}l_{R}g$
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$\Phi_{23}$
$g_{2}$ $g_{3}$
$\Phi_{20}$ $\Phi_{31}$
$g_{0}$ $\Phi_{01}$ $g_{1}$
4: $Z_{2}\cross Z_{2}$ mapping $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\mathrm{o}}$ 2
$G_{p+3,p}$
$C_{3}$
5: $F_{p,p+h,p}$
$=$ $\overline{\iota}_{L\gamma}\cdot(B+WL)lL+\overline{l}_{R\gamma\cdot(W}B+R)l_{R}$ , (56)
$\mathcal{L}_{2}$ $=$ $-\kappa_{1}(\overline{l}_{L}\phi l_{R}+\overline{\iota}R\emptyset^{\iota_{L})}$
$- \frac{1}{2}\dot{\iota}\kappa_{2}(\overline{\iota_{L}^{\mathit{9}}}\Delta LlL+^{\iota_{R}\Delta l_{R}}\overline{g}R-\overline{l}L\Delta_{L}\uparrow l^{g}-\overline{\iota}_{R}\Delta_{R}\dagger L\iota_{R}^{g})$ (57)
Higgs (47)
$D\phi$ $=$ $\partial\phi-i(WL\phi-\phi WR)$ , (58)
$D\Delta_{L}$ $=$ $\partial\triangle_{L}+2iB\triangle_{L}-i(W_{L}\triangle L-\Delta LWL)$ , (59)
$D\Delta_{R}$ $=$ $\partial\triangle_{R}+2iB\triangle_{R}-i(WR\Delta R-\Delta RWR)$ (60)
2.8 Higgs
4 mapping function $\Phi_{pq}=\Phi_{pq}\dagger$
– $(x,g_{p})$ Fermi $\psi_{P}$ $(x,g_{p})$
$(x, g_{p+3})$ 2 $parrow p+1arrow p+3$ $parrow p+2arrow p+3$
2
$G_{p+3,p}\equiv\Phi_{p+}3_{P+},1\Phi \mathrm{p}+1,p-\Phi p+3,p+2.\Phi_{p}+2,p=G_{p}\dagger,p+3$ (61)
5 Weinberg-Salam
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$\psi_{p}$
$\psi_{p}(C_{3}\cdot c4)-\psi p=(\Phi p,p+h\Phi p+h,p-1)\psi p$ (62)
$F_{p,p+p}h,\equiv\Phi+f_{b}p,p\Phi_{ph}+,p-1$ $(h=1,2)$ (63)
Higgs Higgs Yang-Mills $\theta^{\grave{1}}-$
$A_{p:h,k}$ $\equiv$ $\frac{1}{2}\mathrm{t}\mathrm{r}(FF)p,p+h,ppp+k,p),$ $(p=0,1,2,3;h, k=1,2)$ (64)
$B_{p,q:h,k}$ $\equiv$ $\frac{1}{2}\mathrm{t}\mathrm{r}(p_{p,\mathrm{P}+h},)p\frac{1}{2}\mathrm{t}\mathrm{r}(F_{q,q+k,q}),$ $(p, q=0,1,2,3;h, k=1,2)$ (65)
$\Gamma_{p}$ $\equiv$ $\frac{1}{2}\mathrm{t}\mathrm{r}(G_{\mathrm{p},p+3}G_{p}+3,p)(p=0,1)$ (66)
Higgs :
$V$ $=$
$\alpha_{11}\sum_{p=0,2}A:1,1+\alpha_{1}2\sum_{P}pA_{\mathrm{p}}=0,1:2,2+\alpha_{2}\sum_{p=0}A_{p}:1,2$
$+ \beta_{11}\sum_{p=0,2}B1,1+p,p.\beta_{1}2\sum_{p=0,1}B_{P,p.2,2}+\beta_{2}p\sum_{=0}Bp,p:1,2$
$+\beta 31B0,3:1,1+\beta_{3}2B_{\mathit{0},3}2,2$
$+\gamma(\Gamma_{0+}\Gamma_{1})$ . (67)
$\alpha,$
$\beta,$
$\gamma$
G- $\tilde{A}=\tau_{2}A^{*}\mathcal{T}_{2}$
$A\approx$
$=$ $A$ ,
$\tilde{\tau}_{i}$ $=$ $-\tau_{i}$ , for $i=1,2,3$ ,
$\overline{AB}$
$=$
$\tilde{A}\tilde{B}$ ,
$\mathrm{t}\mathrm{r}(\tilde{A})$ $=$ $\mathrm{t}\mathrm{r}(A^{\uparrow})$ (68)
(52) (53) $-$ Higgs $\Delta_{L,R}$ $\Delta=$
$\sum_{i=1}^{3}\mathcal{T}i\Delta_{i}$
$\tilde{\Delta}_{L,R}=-\Delta\dagger L,R$ (69)
$\Gamma_{0}=\Gamma_{1}$ (70)
$\mathrm{t}\mathrm{r}(\tilde{\phi}\tilde{\phi}^{\dagger}\Delta_{L}\Delta\uparrow)L$ $=$
$\mathrm{t}\mathrm{r}(\phi\phi^{\dagger_{\tilde{\Delta}}}L\triangle\uparrow L\sim)^{\sim}=\mathrm{t}\mathrm{r}(\phi\phi^{\dagger}\triangle_{L}\dagger\triangle L)^{\uparrow}=\mathrm{t}\mathrm{r}(\emptyset\emptyset^{\uparrow}\Delta_{L}^{\dagger}\Delta_{L})$ ,
(71)
$\mathrm{t}\mathrm{r}(\tilde{\phi}^{\dagger}\tilde{\phi}\Delta_{R)}\Delta_{R}^{\dagger}$ $=$ $\mathrm{t}\mathrm{r}(\emptyset^{\dagger_{\phi\Delta_{R}})}\dagger_{\Delta_{R}}$ , (72)
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$\mathrm{t}\mathrm{r}(F010p020)=$ tr $(F_{232}F_{2\mathit{0}}2)= \mathrm{t}\mathrm{r}\{(\frac{1}{2}\emptyset\emptyset^{\dagger)}-1(\Delta_{L}^{\dagger}\Delta_{L}-1)\}$ (73)
$\mathrm{t}\mathrm{r}(F_{101}F_{1}31)=\mathrm{t}\mathrm{r}(F_{32331}F3)=\mathrm{t}\mathrm{r}\{(\frac{1}{2}\emptyset^{\dagger_{\phi 1})}-(\Delta_{R}^{\dagger}\Delta_{R}-1)\}$ (74)
Higgs
$V$ $=$ $\alpha_{11}\mathrm{t}\mathrm{r}(F_{\phi}2)+\frac{1}{2}\alpha 12[\mathrm{t}\mathrm{r}(F_{L}2)+$tr $(F_{R}^{2})]+\alpha_{2}[\mathrm{t}\mathrm{r}(FF_{L}\phi)+\mathrm{t}\mathrm{r}(FJFR)\emptyset]$
$+ \frac{1}{2}(\beta_{11}+\frac{1}{2}\beta_{31})(\mathrm{t}\mathrm{r}F_{\phi})^{2}+\frac{1}{4}\beta_{12}[(\mathrm{t}\mathrm{r}pL)^{2}+(\mathrm{t}\mathrm{r}F_{R})^{2}]$
$+ \frac{1}{2}\beta_{2}(\mathrm{t}\mathrm{r}F_{\emptyset})[(\mathrm{t}\mathrm{r}F_{L})+(\mathrm{t}\mathrm{r}F_{R})]+\frac{1}{4}\beta_{32}(\mathrm{t}\mathrm{r}F_{L})(\mathrm{t}\mathrm{r}F_{R})$
$+\gamma \mathrm{t}\mathrm{r}(G03G_{3}\mathrm{o})$ (75)
$F_{\phi}$ $=$ $F_{010=\frac{1}{2}}\phi\emptyset\dagger-1$, $F_{\phi 1}’=F_{1}0= \frac{1}{2}\phi\uparrow\phi-1$ ,
$F_{L}$ $=$ $F_{020}=\triangle_{L}^{\uparrow_{\triangle 1}}-$ , $F_{R}=F_{13}1=\Delta_{R}\dagger\Delta_{R}-1$ ,
$G_{30}$ $=$ $G_{03}\uparrow=\Delta_{R}\phi^{t_{+}}\tilde{\phi}\dagger\triangle_{L}$ (76)
1/2 $\Phi_{01}$ $\Phi_{23}$ $\phi$ $-\tilde{\emptyset}$ –
2 Higgs $\mathrm{t}\mathrm{r}|D\Phi_{0}1|2$ $\mathrm{t}\mathrm{r}|D\Phi_{23}|^{2}$ –
$\phi$ $\phiarrow\phi/\sqrt{2}$ $W_{L},$ $W_{R},$ $B$
$1/\sqrt{2}$
Higgs (10) left-right
\S 2.2 (iii) Higgs $\phi,$ $\Delta_{L},$ $\Delta_{R}$
$L^{-1}$ 3
Higgs (75) 11
1 2 2 $Z_{2}$
$\alpha_{11}=\alpha_{12}\equiv\alpha 1,$ $\beta_{1}1=\beta_{12}\equiv\beta 1,$ $\beta_{3}1=\beta 32\equiv\beta_{3}$ (77)
3
$SU(2)L\cross sU(2)R^{\cross}U(1)_{B}-L$ LRSM $M_{4}\cross Z_{2}\cross z_{2}$
pure Yang-Mills \S 2.2 $(\mathrm{i})$ $-(\mathrm{i}\mathrm{v})$
1. 3 Higgs $\phi,$ $\Delta_{L},$ $\Delta_{R}$ $z_{2}\cross z_{2}$ .
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2. Higgs Yang-Mills (75)
$\mathrm{t}\mathrm{r}|\mathrm{H}\mathrm{i}\mathrm{g}\mathrm{g}_{\mathrm{S}}$ $|^{2}$
11 -
Deshpande et $al.,[10]$ – Higgs 18
3. Higgs (10) left-right
\S 2.2 $(\mathrm{i}\mathrm{i}\mathrm{i})\text{ }$ $Z_{2^{\cross}}Z_{2}$
4. (57) Yukawa $\mathcal{L}_{2}$ $\overline{l}_{L}\tilde{\phi}l_{R}+\mathrm{h}.\mathrm{c}$ .
(3) LRSM $L_{Y}$
5. \S 2.7 $U(1)$ $B_{0}$ $B_{1}$ – : $B_{0}=B_{1}=B$
– 2 $U(1)$ $B_{0}=B_{L}$ $B_{1}=B_{R}$
LRSM
2 $U(1)$ LRSM Higgs left-
right LRSM pure
Yang-Mills NCG
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